An (a : b
Introduction
A proper k-coloring of a graph G is an assignment of one of k colors to each vertex v of G such that adjacent vertices receive different colors. The chromatic number χ(G) of a graph G is the minimum k such that G has a proper k-coloring. Graph coloring is one of the most celebrated topics in graph theory. It has been widely explored and has many generalizations. For any positive integer a, let [a] be the set {1, 2, ..., a}. Given a set S, we define 2 S to be the collection of subsets of S. An (a : b)-coloring of a graph G is a function f : V (G) → 2 [a] such that |f (v)| = b for every vertex v, and f (x) ∩ f (y) = ∅ for every pair of adjacent vertices x and y. The fractional chromatic number χ f (G) of G is the infimum of a/b over all pairs of positive integers a, b such that G has an (a : b)-coloring. In particular, every (k : 1)-coloring is a proper k-coloring, so χ f (G) ≤ χ(G).
Fractional coloring can be investigated from the point of view of optimization. An independent set I of a graph is a subset of vertices such that every pair of vertices in I are non-adjacent. Observe that the chromatic number is the minimum number of nonempty independent sets that 2 Outline of the proofs and notations
The idea of our proof of Theorem 1.2 is not complicated, but it requires a large amount of machinery and number of technical lemmas to implement it. Now, we give a superficial outline of the proof of Theorem 1.2.
For every graph H and every vertex v of H, we denote the degree of v by deg H (v). First, given a minimum counterexample of Theorem 1.2 G, we find a proper 3-coloring f of G. Second, for each color i ∈ [3] , let Hi be the subgraph of G obtained by deleting the vertices v with f (v) = i. We then choose a function ǫi on V (Hi) taking values in {0, 1}. Next, we find a coloring gi with 56 colors such that every vertex v with f (v) = i receives 8 colors, each remaining vertex v receives 32 − 4deg H i (v) − 4ǫi(v) colors, and every pair of adjacent vertices receive disjoint sets of colors. For every vertex v, we denote ǫ1(v) + ǫ2(v) + ǫ3(v) by ǫ(v). In fact, we will prove that we can choose ǫ1, ǫ2, ǫ3 such that ǫ(v) ∈ {0, 1} for every vertex v, and the set {v : ǫ(v) = 1} is an independent set. Third, by combining the three colorings g1, g2 and g3, there exists a coloring g with 168 colors such that every vertex receives at least
colors (since H1, H2, H3 are pairwise edge-disjoint). Moreover, every pair of adjacent vertices receive disjoint sets of colors. Finally, we assign 4 extra colors to those vertices with ǫ-value 1 to obtain an (172 : 60)-coloring of G. Notice that 172/60 = 43/15, contradicting the assumption that G is a minimum counterexample, so Theorem 1.2 is proved. With some extra work, we can construct a (516 : 180)-coloring of the given triangle-free subcubic graph.
We remark that if ǫ can be removed, then there exists an (168, 60)-coloring of a minimum counterexample. This will confirm Conjecture 1.1 since 168/60 = 14/5, and it will answer Dvořák et al.'s question by giving a (504 : 180)-coloring of the given triangle-free subcubic graph. However, it is not clear how to remove ǫ.
The paper is organized as follows. In Section 3, we give a number of technical lemmas which formally state the notions in the idea just mentioned; then we prove Theorem 1.2. We postpone the proofs of the majority of these lemmas to the other sections. In Section 4, we investigate the structure of fractionally critical graphs, which play the role of minimum counterexamples of Theorem 1.2. In particular, we show that such a graph has a proper 3-coloring f such that Hi has a "good" structure. This fulfills the first step of the idea we just mentioned as well as prepares us for the remaining steps. The formal definition of "good" structure will be stated in Section 3. In fact, we prove a more general result than we need in this paper in hopes that it might be useful in future work. In Section 5, we study a list-version of fractional colorings for graphs having those "good" structures to implement the second and the third steps of the idea just mentioned. More precisely, the way we construct coloring gi of Hi is to first assign 8 colors to each vertex v with f (v) = i, and then extend the coloring to the remaining vertices. When some neighbors of a vertex v are pre-colored, the available colors for v are limited, and it is the reason we study the list-version of fractional colorings in Section 5. In Section 6, we complete the proof of the lemmas stated in Section 2. In Section 7, we construct (516 : 180)-colorings for triangle-free subcubic graphs. Finally, we make some concluding remarks in Section 8.
In the rest of this section, we introduce some terminology. In this paper, graphs do not contain multiple edges or loops, unless specifically mentioned. For any subset S of V (G), we define the neighborhood NG(S) of S to be the set of vertices which are not in S but are adjacent to a vertex in S. Also, we define NG[S] to be the set NG(S) ∪ S. We write NG({v}) as NG(v) and NG[{v}] as NG [v] for short. If u and v are two vertices in G, then G + uv is the graph obtained from G by adding edge uv, and G/uv is the graph obtained from G by identifying u, v and then deleting resulting loops and parallel edges. We define G[S] to be the subgraph induced by the set S when S is a subset of V (G). The degree of a vertex v in G, denoted by deg G (v) , is the number of edges incident with v. G is cubic if every vertex in G is of degree 3. A leaf is a vertex of degree one, and a support vertex is a vertex that is adjacent to a leaf. A matching M is a subset of edges such that no two edges in M have a common end; we say that M saturates a vertex v if v is an end of some edge in M . Given any set S, we define the function 1S by letting 1S(x) = 1 if x ∈ S, and 1S(x) = 0 otherwise.
A digraph D is a graph equipped with an orientation of edges. We say that a vertex u is pointed by v (or v points to u) if there exists an edge with the head u and the tail v. Let H be a subgraph of a graph G. We say a function f defined on V (H) can be extended to a function g defined on V (G) if g(v) = f (v) for all v ∈ V (H). We also say that f can be extended to G in this case. Note that f can always be extended to g if there is no requirement for g. But in our application, we require that g satisfies some extra conditions.
Proof of Theorem 1.2
Given a graph G and a function F : V (G) → 2 [14] , we say that f : V (G) → 2 [14] is an F -avoiding coloring if f (v) is disjoint from F (v) ∪ f (u) for every pair of adjacent vertices u and v.
Let f be a proper 3-coloring of a subcubic graph G. Given integers i, j such that 1 ≤ i < j ≤ 3, define Gi,j to be the subgraph of G induced by f (−1) (i) ∪ f (−1) (j), and let C be a union of some components of the subgraph Gi,j . For every vertex v in NG(C), we define nC (v) to be the number of vertices in C adjacent to v. We say that B is a boundary-graph of C if B is a graph such that V (B) = NG(C) and B does not contain a triangle x1x2x3 such that nC (xi) = 1 for 1 ≤ i ≤ 3. We say that (B, J ) is a boundary-pair of C if B is a boundary-graph of C and J is a collection of pairwise disjoint subsets J of V (B) such that every vertex v in J satisfies that nC (v) ≥ 2. Notice that if (B1, J1) is a boundary-pair of C1 and (B2, J2) is a boundary-pair of C2, where C1 is disjoint from C2, then (B1 ∪ B2, J1 ∪ J2) is a boundary-pair of C1 ∪ C2.
Given a boundary-pair (B, J ), we say that a function F : V (C) → 2 [14] is (B, J )-compatible if there is a (14 : 2)-coloring h of B such that each set S ∈ J contains two vertices xS, yS with h(xS) = h(yS), and F (v) = u∈N G (v)∩V (B) h(u) for every vertex v of C. Observe that |F (v)| ≤ 2|NG(v)∩V (B)| ≤ 6−2deg C (v) for every vertex v in C and every (B, J )-compatible F . Note that when every vertex in N (C) is pre-colored by h, then for every v, F (v) is the set of colors that v cannot use.
Once the vertices in NG(C) are colored, we want to extend the coloring to C. We say that a boundary-pair (B, J ) of C penetrates C if there is an independent set I ⊆ {v ∈ V (C) : deg C (v) = 3} in C such that for every (B, J )-compatible F , there are F -avoiding colorings g1, g2 of C such that |g1(v)| + |g2(v)| = 16 − 2deg C (v) − 2 · 1I (v) for every vertex v of C. We say that a boundary-pair (B1, J1) of C cooperates with a boundary-pair (B2, J2) of C if there exists an independent set I ⊆ {v ∈ V (C) : deg C (v) = 3} of C such that given F1, F2 : V (G) → 2 [14] , where F1 is (B1, J1)-compatible and F2 is (B2, J2)-compatible, there exist an F1-avoiding coloring g1 of C and an F2-avoiding coloring g2 of C such that |g1(v)| + |g2(v)| = 16 − 2deg C (v) − 2 · 1I (v) for every vertex v of C.
Given two positive integers a, b, a set S, and two functions f : S → 2 [a] and g : S → 2 [b] , define f ⊎ g : S → 2 [a+b] by letting f ⊎ g(v) = {x, y + a : x ∈ f (v), y ∈ g(v)}.
All but the following lemma given in this section are laborious to prove, so we postpone the proofs to other sections. On the other hand, the proof of the following lemma shows how the notion of penetrations and cooperations help us define an (172 : 60)-coloring, so we include the proof here.
Lemma 3.1 Let f be a proper 3-coloring of G. Given integers s, t such that 1 ≤ s < t ≤ 3, define Gs,t to be the subgraph of G induced by f (−1) (s) ∪ f (−1) (t). Let s, t, p be positive integers such that 1 ≤ s < t ≤ 3, and let C1, C2, ..., Cr s,t be the components of Gs,t. Assume that there are boundary-pairs (Bi, Ji) that penetrate Ci for 1 ≤ i ≤ p, and there are boundary-pairs (Bi,1, Ji,1) and (Bi,2, Ji,2) for p + 1 ≤ i ≤ rs,t such that (Bi,1, Ji,1) cooperates with (Bi,2, Ji,2) for each i such that p + 1 ≤ i ≤ rs,t. Given k = 1, 2, let D k = 1≤i≤p Bi ∪ p+1≤i≤rs,t B i,k and S k = 1≤i≤p Ji ∪ p+1≤i≤rs,t J i,k . If there are a (D1, S1)-compatible function and a (D2, S2)-compatible function, then there are an independent set Is,t ⊆ {v ∈ V (Gs,t) : deg Gs,t (v) = 3} and a function gs,t : V (G) → 2 [56] such that |gs,t(v)| = 8 if f (v) ∈ {s, t}, and |gs,t(v)| = 32 − 4deg Gs,t (v) − 4 · 1I s,t (v) if f (v) ∈ {s, t}, and gs,t(x) ∩ gs,t(y) = ∅ for every pair of adjacent vertices x and y. Furthermore, if such g1,2, g1,3 and g2,3 exist, then G has an (172 : 60)-coloring, and χ f (G) ≤ 43/15.
Proof. Let F1 and F2 be a (D1, S1)-compatible function and a (D2, S2)-compatible function, respectively. Observe that for every integer i such that 1 ≤ i ≤ p, the function F1 and F2 restricting on Bi is (Bi, Ji)-compatible, respectively. Similarly, for every i, j such that p + 1 ≤ i ≤ rs,t and 1 ≤ j ≤ 2, Fj restricting on Bi,j is (Bi,j , Ji,j )-compatible. Since (Bi, Ji) penetrates Ci for 1 ≤ i ≤ p, there are independent sets Is,t,i ⊆ {v ∈ V (Ci) : deg Gs,t (v) = 3}, F1-avoiding colorings hi,1 and h ′ i,1 , and F2-avoiding colorings hi,2 and h
Similarly, since (Bi,1, Ji,1) cooperates with (Bi,2, Ji,2) for p + 1 ≤ i ≤ rs,t, there are independent sets Is,t,i ⊆ {v ∈ V (Ci) : deg Gs,t (v) = 3} and
Let Is,t = 1≤i≤rs,t Is,t,i, and let h1, h2 be a (14 : 2)-coloring of (D1, S1) and (D2, S2), respectively, such that for each S ∈ Si, there exist two vertices in S with the same hi-value and
It is clear that Is,t is an independent set, and gs,t maps every pair of adjacent vertices to two disjoint sets in 2 [56] . In addition, |gs,t(v)| = 8 for v ∈ V (G) − V (Gs,t) and
If g1,2, g1,3 and g2,3 exist, then define g = g1,2 ⊎ g1,3 ⊎ g2,3. Hence,
Note that every vertex in I1,2, I1,3 or I2,3 is adjacent to three vertices of the same fvalue, so these three sets are pairwise disjoint, and I is an independent set as well. Define
Consequently, g ′ is an (172 : 60)-coloring since the maximum degree of G is at most three, and hence χ f (G) ≤ 172/60 = 43/15.
The following lemma shows the existence of boundary-pairs of a path on an odd number of vertices that cooperate with each other or penetrate the path. Lemma 3.2 Let G be a triangle-free subcubic graph, and let f be a proper 3-coloring of G. Let k be an odd number, and let C be a component of a subgraph of G induced by two color classes of f . Assume that C is a path on k vertices. If k = 3, then there is a boundary-graph B of C such that deg B (v) ≤ 2nC (v) for every vertex v in B, and (B, ∅) penetrates C. If k = 3, then there are boundary-graphs B1 and B2 of C such that deg B i (v) ≤ 2nC (v) for every vertex v of Bi and for every i = 1, 2, and (B1, ∅) cooperates with (B2, ∅).
Let L0 be the graph obtained by adding two vertices to a path on four vertices such that each of the new vertices is adjacent to the both ends of the path. We say that the tuple (v1, v2, v3, v4, u1, u2) of six distinct vertices of G forms a copy of L0 in G if these six vertices induce a graph isomorphic to L0 and u1v1v2v3v4u1 and u2v1v2v3v4u2 are the two 5-cycles in L0. Notice that two different copies of L0 in G are not necessary vertexdisjoint.
Given any proper 3-coloring f of G, we say that (v1, v2, v3, v4, u1, u2) is a rainbow copy of L0 with respect to f (or f -rainbow) if (v1, v2, v3, v4, u1, u2) forms a copy of L0, and f (u1) = f (u2) = π(1), f (v1) = f (v3) = π(2), f (v2) = f (v4) = π(3) for some permutation π of {1, 2, 3}.
For even numbers i, j, where i, j ≥ 4, we denote the path on i and j vertices by Pi and Pj, respectively, and we define Hi,j to be the graph that is obtained from two disjoint paths Pi and Pj by adding an edge incident with one support vertex in Pi and one support vertex in Pj . The family H consists of graphs Hi,j for all even numbers i, j with i, j ≥ 4.
The following lemma shows the existence of boundary-pairs of a path on even number of vertices or a graph in H that penetrate this graph. Furthermore, in order to prove Theorem 1.2, we need some specific structures for those boundary-pairs. Lemma 3.3 Let G be a triangle-free subcubic graph, and let f be a proper 3-coloring of G such that there are no rainbow copies of L0 with respect to f . Let C be a component of a subgraph of G induced by two color classes of f . If C is a path on even number of vertices or it is a graph in H, then there are boundary-pairs (B1, J1) and (B2, J2) of C such that the following hold.
1. Both (B1, J1) and (B2, J2) penetrate C.
Either for
3. If w1 and w2 exist, then J1 = J2 = ∅, and either w1 = w2 and nC (w1) = nC (w2) = 3, or deg B 3−i (wi) ≤ 2nC (wi)−1 and nC (wi) ≤ 2 for each i = 1, 2.
4. If w1 and w2 exist, then for i = 1, 2, there exists a vertex w
Each
Ji contains at most one set.
6. If Ji = ∅, then let Ji be the set in Ji, and the following hold:
Either Ji is an independent set of size 2 in Bi such that one vertex x in Ji has nC (x) = 3, or Ji is an independent set of size 3 in Bi such that every vertex x in Ji has nC (x) = 2.
We say that a graph G is good if G is bipartite, subcubic, and the following hold:
(G1) No vertex of degree three is adjacent to three vertices of degree three in G.
(G2) For every pair of adjacent vertices x, y of degree three in G, either at least one of x, y is adjacent to a leaf, or each of x, y is adjacent to a support vertex of degree two.
(G3) If x, y, z are three vertices of degree three such that xyz is a path in G, and each x and z is adjacent to a leaf, and the neighbor y ′ of y other than x and z has degree two, then the neighbor y ′ 1 of y ′ other than y is a leaf.
(G4) If x, y, z are three vertices of degree three such that xyz is a path in G, deg G (z1) ≥ 2, and deg G (z2) ≥ 2, where NG(z) = {z1, z2, y}, then z1 or z2 is a support vertex of degree two.
We say that a 3-coloring f of G is good if it is proper, G contains no f -rainbow copies of L0, and every pair of color classes of f induces a good graph. The following lemma shows the existence of a boundary-pair that penetrates a good graph.
Lemma 3.4 Let G be a triangle-free subcubic graph, and let f be a good 3-coloring of G. Let C be a component of a subgraph of G induced by two color classes of f . If C is neither a path nor a graph in H, then there exists a boundary-graph B of C such that deg B (v) ≤ 2nC (v) and (B, ∅) penetrates C.
Readers who are familiar with the notion of coloring critical graphs might notice that the equality in the above definition is on the side of subgraphs instead of on the side of G as in the definition of coloring critical graphs. Even though our definition of fractionally critical graphs is not consistent with coloring critical graphs, we think that it is more reasonable to define critical graph in this way when we deal with fractional coloring.
Lemma 3.5 If G is a fractionally t-critical triangle-free subcubic graph with t ≥ 8/3, then G has a good 3-coloring.
The following lemma is proved in [1] and probably elsewhere. Proof. Let s, t be integers such that 1 ≤ s < t ≤ 3 and let Gs,t be the subgraph of G induced by f (−1) (s) ∪ f (−1) (t). For every component C of Gs,t isomorphic to a path on an even number of vertices or a graph in H, there exist boundary-pairs (BC,1, JC,1) and (BC,2, JC,2) of C satisfying Statements 1-6 of Lemma 3.3. So for i = 1, 2, BC,i contains at most one vertex, denoted by wC,i if it exists, satisfying that nC (wC,i) ≤ 2 and deg B C,i (wC,i) = 2nC (wC,i) + 1. Observe that either both wC,1 and wC,2 exist, or none of them exists. And when both of them exist, deg B C,3−i (wC,i) ≤ 2nC (wC,i) − 1. We say that a component C ′ of Gs,t isomorphic to a path on even number of vertices or a graph in H is dangerous if w C ′ ,1 and w C ′ ,2 exist. Note that wC,i could be equal to w C ′ ,i ′ for some different components C ′ , C of Gs,t and for some i ′ . Construct a graph A (allowing parallel edges), where V (A) = {w C ′ ,1 , w C ′ ,2 : C ′ is a dangerous component} and E(A) = {w C ′ ,1 w C ′ ,2 : C ′ is a dangerous component} (viewed as a multiset). By Lemma 3.6, there is an orientation of A such that every vertex v in A has in-degree and out-degree at most ⌈deg A (v)/2⌉. Since we can exchange the name of BC,1 and BC,2, we may assume that every directed edge of A in the orientation is from wC,1 to wC,2. Note that every wC,i is adjacent to at most three components of Gs,t. So the maximum degree of A is at most three, and |deg
On the other hand, by Lemmas 3.2 and 3.4, for every component C of Gs,t not isomorphic to a path on an even number of vertices or a graph in H, if C is a path on three vertices, then there are boundary-pairs (BC,1, ∅) and (BC,2, ∅) of C such that (BC,1, ∅) cooperates with (BC,2, ∅) and deg B C,i (v) ≤ 2nC (v) for every vertex v in BC,i and i = 1, 2; otherwise, there is a boundary-pair (BC, ∅) penetrating C and deg B C (v) ≤ 2nC (v) for every vertex v in BC . For each i = 1, 2, construct a graph Hi by defining V (Hi) = NG(Gs,t) and E(Hi) = E(BC)∪ E(BC,i), where the second union runs through all components C of Gs,t which are isomorphic to paths on three or even numbers of vertices or graphs in H, and the first union runs through all other components C of Gs,t. Note that for every
Similarly, we define Ji = JC,i for each i = 1, 2, where the union runs through all components C of Gs,t which are isomorphic to paths on even numbers of vertices or graphs in H. Note that it is sufficient to show that for each i = 1, 2, there is a proper 7-coloring hi : V (Hi) → [7] of Hi such that every set in Ji has two vertices of the same hi-value. If such colorings h1, h2 exist, then for i = 1, 2, define Fi : V (Gs,t) → 2 [14] by setting Now we show that there is a proper 7-coloring hi of Hi such that every set in Ji contains two vertices having the same hi-value. The proofs for H1 and H2 are the same, so we write H instead of H1, H2 for convenience. Also let JC , BC and wC be the corresponding JC,i, BC,i and wC,i, respectively, for every component C of Gs,t. First, we show that H is properly 7-colorable. By Brooks' Theorem, it is sufficient to show that no component of H is isomorphic to K8, since the maximum degree of H is at most 7. Suppose to the contrary, and let X be a component of H isomorphic to K8. The following two claims are clear. Claim 1: If v ∈ V (X), then v is adjacent to at least one component C of Gs,t such that v = wC . Claim 2: If v ∈ V (X) and deg B C (v) ≤ 2nC (v) − 1 for some C, then nC (v) = 1 and there are two other components
By Statement 4 of Lemma 3.3, for every vertex x in X such that x = wC for some component C of Gs,t, there exists a vertex w ′ C that is in the component of BC containing wC such that deg
In particular, w ′ C is in X. Construct a directed graph X ′ (allowing parallel edges here) by setting V (X ′ ) = V (X) and (wC , w ′ C ) ∈ E(X ′ ) for every component C of Gs,t. Note that every vertex in X ′ has out-degree at least 1 (by Claim 1) and in-degree at most 1 (by Claim 2). Furthermore, if the vertex has in-degree 1, then it has out-degree 2 by Claim 2. So the sum of the out-degrees of vertices in X ′ is greater than the sum of the in-degrees of vertices in X ′ , a contradiction. Hence, H is 7-colorable. Denote JC by {JC } for every nonempty JC. Note that for every components C, C ′ of Gs,t, we have that every vertex v in JC satisfies that nC (v) ≥ 2, and no triangle in B C ′ contains three vertices whose n C ′ -values are 1. In addition, if |JC | = 2, then some vertex v in JC has nC (v) = 3. Hence, JC is not a clique in H. Moreover, every vertex v in JC has degree at most 6 in H by Statements 6(a) and (d) of Lemma 3.3. Claim 3: Every proper 7-coloring of H − JC can be extended to a proper 7-coloring of H such that a pair of vertices in JC receive the same color if one of the following is satisfied:
2. there are two edges in H with the both ends in JC ; 3. there is a vertex in JC incident with at most two edges in E(H) − E(BC), and there is at most one edge in H with the both ends in JC ;
Proof of Claim 3:
1. If |JC | = 2, then let JC = {x, y}. By Statement 6 (b) of Lemma 3.3, we know that one vertex in JC , say x, satisfies that nC (x) = 3. By Statement 6 (d) of Lemma 3.3, either nC (y) = 3 and
. Therefore, we can extend any proper 7-coloring of H − JC to H such that x and y receive the same color.
2. We may assume that the previous case does not happen, so |JC | = 3 for the rest of the proof of Claim 3. Let JC = {x, y, z} and xy, yz ∈ E(H). Since nC (v) ≥ 2 for every v ∈ JC , there is at most one component
Also, JC is an independent set in BC and x, y, z cannot form a triangle in B C ′ , so xz ∈ E(H). In addition, since |NB C (x) ∪ NB C (z)| ≤ 2 by Statement 6(a) of Lemma 3.3 and both deg B C ′ −{xy} (x) and deg B C ′ −{yz} (y) are at most 2 for the component C ′ = C of Gs,t containing x, y, we know that |NH (x) ∪ NH (z) − JC | ≤ 6, so every proper 7-coloring h of H − JC can be extended to H such that h(x) = h(z) by first defining h(x) = h(z) to be a color in [7] − (NH (x) ∪ NH (z) − JC ) and then defining h(y) to be any feasible color.
3. Assume that there is a vertex in JC, denoted by a, incident with at most two edges in E(H) − E(BC). If there is exactly one edge in H with the both ends in JC, then by Statement 6(a) of Lemma 3.3, there is a pair of non-adjacent vertices u, v in JC such that
, where a ∈ {u, v}, so every proper 7-coloring of H can be extended to a proper 7-coloring of H such that two vertices in JC receive the same color. So we may assume that no edge in H has both ends in JC . Denote the other two vertices in JC other than a by b and c. We shall prove that there exists a pair of non-adjacent vertices u, v in JC such that |h((NH (u) ∪ NH (v)) − JC )| ≤ 6, and hence it can be extended to a proper 7-coloring of H such that h(u) = h(v). Suppose to the contrary. Note that |(NH (a) ∪ NH (b)) − JC| and |(NH (a) ∪ NH (c)) − JC | are at most 7. So they are equal to 7. This implies
We may assume that the previous three cases do not happen. Suppose the conclusion does not hold. Then there does not exist a pair of non-adjacent vertices u, v in JC such that |h((NH (u) ∪ NH (v) − JC )| ≤ 6. This implies that JC is an independent set in H, and there exist x, y ∈ JC such that h(
This completes the proof of Claim 3.
For each component C of Gs,t, if any hypothesis of Claim 3 applies on JC , then define SC = JC ; otherwise, define SC = JC ∪ {uC }, where uC is a vertex in u∈J C NB C (u) such that uC is adjacent in BC to exactly two vertices in JC . Note that uC exists and uC ∈ JC by Statements 6(b) and (c) of Lemma 3.3. By Claim 3, if SC = JC and h is a proper 7-coloring of H − JC , then h can be extended to a proper 7-coloring of H such that at least two vertices in JC receive the same color. On the other hand, if uC ∈ SC ∩ J C ′ for some two distinct components C and C ′ , then nC (uC ) = 1, n C ′ (uC) = 2, wC does not exist, and there are at most two edges in E(H) − E(B C ′ ) incident with uC , so S C ′ = J C ′ . Now, we construct a proper 7-coloring h of H such that each JC has two vertices getting the same h-value. Note that JC ∩ J C ′ = ∅ unless C = C ′ . Set H ′ = H − C SC, where the union runs through all components C of Gs,t such that JC = ∅. Let h be a proper 7-coloring of H − C SC. Recall that H is 7-colorable, so such h exists. Pick a component C * , where JC * = {JC * } = ∅ and SC * = JC * and JC * ∩ H ′ = ∅, then extend h to H ′ ∪ {xC * , yC * } such that h(xC * ) = h(yC * ) for some distinct vertices xC * and yC * in JC * , and set H ′ to be the subgraph of H induced by V (H ′ ) ∪ {xC * , yC * }. Note that since uC * has not been assigned a color, such coloring extension exists by the argument for proving the fourth case of Claim 3. Repeat this process until no such C * exists. Note that JC * ∩ SC = ∅ for other component C of Gs,t, since JC * = SC * . So, at this moment, the vertices in H that have not received h-values are u C ′ and an uncolored vertex in J C ′ for each component C ′ with J C ′ = S C ′ , and all vertices in J C ′′ for each component C ′′ with J C ′′ = S C ′′ . Note that for every C such that JC = SC, since uC is adjacent to at least two vertices in JC , either two neighbors of uC have the same h-value, or one neighbor of uC has not been assigned an h-value. Furthermore, every vertex in JC has degree at most six, so we can extend h to H − C JC , where the union runs through all components C of Gs,t such that JC = SC . Then finally we can extend h to H by Claim 3. This completes the proof of the theorem.
Structure of fractionally critical graphs
The objective of this section is to prove Lemma 3.5. Recall that G is fractionally t-critical if χ f (G) > t but χ f (H) ≤ t for every proper subgraph H of G. The first step is to give a list of forbidden subgraphs for every fractionally t-critical graph for t ≥ 8/3. As G1 ∩G2 is a clique, every pair of vertices in G1 ∩G2 receive disjoint sets of size s by f1 and f2, respectively. By swapping colors, we may assume that f1(v) = f2(v) for every vertex v in G1 ∩ G2. Therefore, there exists an (as/b : s)-coloring f of G such that f (v) = f1(v) for every v ∈ V (G1), and f (v) = f2(v) otherwise.
Lu and Peng [11] gave the following result for graphs that have a vertex-cut with size 2.
Lemma 4.2 [11] Let G1 and G2 be two induced subgraph of a graph G such that V (G1) ∪ V (G2) = V (G) and V (G1) ∩ V (G2) = {u, v}, where {u, v} is a vertex-cut.
The following lemma is a simple but useful observation to extend an (8 : 3)-coloring, and we leave the proof to the reader. Lemma 4.3 Let G be a graph, and let f be an (8 : 3)-coloring of G. Let u, v be two distinct vertices of G. Let H be the graph obtained from G by adding a new vertex x and two edges ux, vx, and let H ′ be the graph obtained from G by adding two new vertices y, z and three edges uy, yz, zv.
Now, we are ready to find a partial list of forbidden subgraphs. We define Ri to be the graphs in Figure 1 for 0 ≤ i ≤ 7. The following lemma excludes R1, R2, ..., R7 as subgraphs from a fractionally t-critical graph. But we cannot exclude R0.
Lemma 4.4 Every fractionally t-critical subcubic graph with t ≥ 8/3 is {Ri : 1 ≤ i ≤ 7}-free.
Proof. Suppose that H is an induced subgraph of a fractionally t-critical graph G with t ≥ 8/3 isomorphic to Ri for some 1 ≤ i ≤ 7. As shown in Figure 1 , Ri has an (8 : 3)-coloring for every 1 ≤ i ≤ 7, so |N (H)| ≥ 2 by Lemma 4.1. Since R5 and R6 are cubic, and R3 contains only one vertex of degree at most two, so i = 3, 5, 6. Given i = 1, 2, 4, 7, let ui and vi be the two vertices in N (H), and let H ′ be the subgraph of G induced by Next, we investigate structure of fractionally t-critical graphs that contain L0 as a subgraph, where t ≥ 8/3, to obtain another list of forbidden subgraphs. Note that two different copies of L0 are not necessarily vertexdisjoint.
We denote the path on two vertices by P2 and denote the cycle on four vertices by C4. For i ∈ N, define L0 = {L0} and define Li to be the collection of triangle-free subcubic graphs H that can be obtained from some graph H ′ in Li−1 by one of the following operations:
• (Operation 1) adding a disjoint P2 to H ′ and two edges, where one edge is incident with one end of the P2 and one vertex in a C4 in H ′ , and the other edge is incident with the other end of the P2 and the diagonal vertex of the same C4 in H ′ , or
• (Operation 2) adding a disjoint C4 to H ′ and two edges, where one edge is incident with one vertex in the C4 and one end of a P2 in H ′ , and the other edge is incident with the diagonal vertex in the C4 and the other end of the P2. Figure 2 shows an example for consecutive applying the above operations four times. Observe that every graph in Li, where i ≥ 0, contains exactly four vertices of degree two, and these four vertices can be paired such that each pair either induces a path on two vertices or consists of two diagonal vertices of a 4-cycle. For every finite sequence (a1, a2, ..., a k ) with ai ∈ {1, 2} for all 1 ≤ i ≤ k, we denote La 1 ,a 2 ,...,a k as the graph that is obtained from L0 by doing Operations a1, a2, ..., a k consecutively. Note that given a positive integer t and j = 1, 2, for every graph H ∈ Lt and for each Operation j, there is at most one way (up to isomorphism) to add edges to link H and the new P2 or C4, so La 1 ,a 2 ,...,a k is well-defined. However, La 1 ,a 2 ,...,a k may be equal to L b 1 ,b 2 ,...,bm for two different sequences (a1, a2, ..., a k ) and (b1, b2, ..., bm). The following lemma ensures that every graph in Lt can be generated by Operations 1 and 2 alternately. Lemma 4.5 Every graph H in Lt, there is a sequence (a1, a2, ..., at) with a1 ∈ {1, 2} and ai+1
..,bt . And the lemma follows from repeating this process.
We denote La 1 ,a 2 ,...,at by L (a 1 ) t for each sequence (a1, a2, ..., at) with ai ∈ {1, 2} and ai+1 = 3 − ai. By Lemma 4.5, Lt = {L (1) t , L (2) t } for each positive integer t. Let L ′ be the set of triangle-free subcubic graphs H ′ for which there exist an integer i and a graph H in Li with |E(H ′ )| > |E(H)| such that H ′ contains H as a spanning subgraph. Observe that every graph in L ′ either is a cubic graph or contains exactly two vertices of degree two.
Lemma 4.6 Every graph in L
′ has an (8 : 3)-coloring such that if it is not cubic, then the pair of the degree-two vertices receive different nondisjoint sets of colors. Furthermore, every fractionally t-critical trianglefree subcubic graph with t ≥ 8/3 is L ′ -free.
Proof. Let k be a nonnegative integer, and let H be a graph in
Denote the four vertices of degree two in H by {w, x, y, z}. By symmetry, we may assume one of the following holds:
1. Both wx and yz are edges in H.
2. wx is an edge in H and y, z are diagonal vertices in a 4-cycle.
3. w, x are diagonal vertices in a 4-cycle and y, z are diagonal vertices in another 4-cycle.
To show that H ′ has an (8 : 3)-coloring, by Lemma 4.3, it is sufficient to show the following. The coloring f1 deals with the case that H ′ is cubic, and f2 deals with the case that H ′ is not cubic.
1. If wx and yz are edges, then there are (8 :
2. If wx is an edge and y, z are diagonal vertices in a 4-cycle, then there are (8 :
3. If w, x are diagonal vertices in a 4-cycle and y, z are diagonal vertices in another 4-cycle, then there are (8 :
The coloring given in Figure 2 shows that the patterns of the colors on the pair of adjacent degree-two vertices can be kept if we do Operations 2,1,2,1 consecutively. Hence, it is sufficient to check the above three cases for 1 ≤ k ≤ 4. Desired f1 and f2 are shown in Figure 3 . Note that the case k = 0 is excluded by the triangle-freeness of H ′ . Let G be a fractionally t-critical triangle-free subcubic graph with
is not cubic, then there exist a pair of vertices u, v such that H ′ is a component of G − {u, v}. By the nice property of f2 and Lemmas 4.2 and 4.3, χ(G) ≤ 8/3, a contradiction.
The rest of this section is dedicated to proving Lemma 3.5.
′ -free subcubic graph. Let t be a positive integer, and for each i with 1 ≤ i ≤ t, let Hi be a subgraph of G such that Hi is isomorphic to L0.
Proof. For each 1 ≤ i ≤ t, let V (Hi) = {vi,1, vi,2, vi,3, vi,4, uj,1, uj,2}, where (vi,1, vi,2, vi,3, vi,4, ui,1, ui,2) forms a copy of L0. We shall prove this lemma by induction on t. The lemma is clear if t = 1. Now, we prove the case that t = 2.
Suppose this lemma is not true when t = 2. If (v2,1, v2,2) = (u1,1, v1,1), then G[V (H1) ∪ V (H2)] is isomorphic to R0 by the triangle-freeness. So we may assume that (v2,1, v2,2) = (u1,1, v1,1). If v2,1 = u1,1, then v2,2 ∈ V (H1) by symmetry, and hence G[V (H1) ∪ V (H2)] is isomorphic to the graph that can be obtained from L0 by Operation 1. So we may assume that {v2,1, v2,4} ∩ {u1,1, u1,2} = ∅. If v2,2 = u1,1 and v2,1 ∈ V (H1), then G[V (H1) ∪ V (H2)] is isomorphic to the graph that can be obtained from L0 by Operation 1 and then adding an edge, so it is in L ′ . If v2,2 = u1,1 and v2,1 ∈ V (H1), then G[V (H1) ∪ V (H2)] is isomorphic to R1, a contradiction. Hence, we may assume that {u1,1, u1,2} ∩ {v2,j :
567 (356) 568(156) 
468 (124) 478(126)
Let f 2 be the (8 : 3)-coloring obtained from f 1 by replacing the colors of each vertex by the colors in the brackets. Then
a result, {v2,j : 1 ≤ j ≤ 4} is disjoint from V (H1), and it implies that {u2,1, u2,2} ∩ V (H1) = ∅, so V (H1) ∩ V (H2) = ∅, a contradiction. This proves the case that t = 2. Let G be a graph and H a subgraph of G. We say that a proper 3-coloring f of G is H-rainbow-free if H contains no rainbow copy of L0 with respect to f . Lemma 4.8 Let G be a subcubic {K3}∪L ′ -free graph and H a subgraph of G isomorphic to a graph in Lt for some t ≥ 0. Let f be a proper 3-coloring of G − H. If either there exists a vertex v of H such that deg G (v) < 3, or |f (NG(H))| ≥ 2, then f can be extended to a proper H-rainbow-free 3-coloring of G.
Proof. We shall prove this lemma by induction on t. We may assume that deg G (x) = 3 for all x ∈ V (H); otherwise, we construct a graph G ′ from G by adding a vertex uv and an edge vuv for each vertex v of H of degree 2 in G, and then define f (uv) to be an element in {1, 2, 3} such that |f (N G ′ (H))| is as large as possible. This ensures that |f (N G ′ (H))| ≥ 2, and any proper H-rainbow-free 3-coloring g of G ′ extended from f is a proper H-rainbow-free 3-coloring of G as well. So it is sufficient to deal with the case that |f (NG(H))| ≥ 2.
When t = 0, H is an induced subgraph as G is triangle-free. Let V (H) = {ui, vj : i = 1, 2, j = 1, 2, 3, 4} and (v1, v2, v3, v4, u1, u2 ) form a copy of L0. Let xi ∈ NG(ui) − V (H), and yj ∈ NG(vj)
, say f (a ′ ) = 1 and f (c ′ ) = 2, then without loss of generality, we may assume that (f (x), f (y)) = (1, 1) (since we can swap colors 1 and 2), and hence we can extend f to a proper H-rainbowfree 3-coloring g of G by first defining (g(a), g(b), g(c), g(d)) = (3, 1, 3, 1), and then defining g on V (H) − {a, b, c, d} by the induction hypothesis. If
, then without loss of generality, we may assume that (f (x), f (y)) = (3, 3) (since we can swap colors 2 and 3), and hence we can extend f to a proper H-rainbow-free 3-coloring g of G by first defining (g(a), g(b), g(c), g(d)) = (2, 3, 2, 3), and then defining g on V (H) − {a, b, c, d} by the induction hypothesis. This proves the case that k = 2.
Assume that k = 1. So there is a tuple (p1, p2, p3, p4, q1, q2) of vertices in H such that (p1, p2, p3, p4, q1, q2) forms a copy of L0 with deg H (p2) = deg H (p3) = 2, and H − {p1, p2, p3, p4, q1, q2} is in Lt−2 if t ≥ 2, and a P2 if t = 1. Let p Suppose that t = 1. Let {wx, wy} = V (H) − {p1, p2, p3, p4, q1, q2}, where wx is adjacent to q1 and x, and v is adjacent to q2 and y. First, assume that f (p
, and f (y) = 3. Then f can be extended to a proper H-rainbow-free 3-coloring g by defining (g(p1), g(p2), g(p3), g(p4), g(q1), g(q2), g(wx), g(wy)) to be (1, 3, 1, 2, 3, 3, 2, 1) . Second, we assume that f (p
In this case, f can be extended to a proper H-rainbow-free 3-coloring g by defining (g(p1), g(p2), g(p3), g(p4), g(q1), g(q2), g(wx), g(wy)) to be (1, 2, 1, 3, 2, 2, 1, 3 
3 ) = 2 and f (x) = f (y) = 3. Then f can be extended to a proper H-rainbow-free 3-coloring g by defining (g(p1), g(p2), g(p3), g(p4), g(q1), g(q2), g(wx), g(wy)) to be (1, 2, 3, 2, 3, 3, 2, 1) . Therefore, by symmetry, it is sufficient to consider the case that f (p
) and f (x) = f (y). Without loss of generality, we may assume that f (p
Then it is clear that we can extend f to a proper H-rainbow-free 3-coloring g by defining (g(p1), g(p2), g(p3), g(p4), g(q1), g(q2), g(wx), g(wy)) = (1, 2, 3, 1, 2, 2, 3, 1) . This proves the case that k = 1 and t = 1.
It remains to deal with the case that k = 1 and t ≥ 2. If f (p (g(p1), g(p2), g(p3), g(p4), g(q1), g(q2)) = (2, 3, 1, 3, 1, 1 ) and then defining g on V (H) − {p1, p2, p3, p4, q1, q2} by the induction hypothesis. If
Proof. By Lemma 4.7, it is sufficient to show that f can be extend to a proper 3-coloring g of G such that H contains no rainbow copy of L0 with respect to g. Let V (H) = {vi, uj , w : 1 ≤ i ≤ 4, j = 1, 2} such that (v1, v2, v3, v4, u1, u2) forms a copy of L0, and w is adjacent to u1 and v3. Note that if h is a proper 3-coloring of H such that {h(v1), h(v2), h(v3)} = {1, 2, 3}, then H contains no rainbow copy of L0 with respect to h. Let NG(H) = {x, y, z} such that xv2, wy, u2z ∈ E(G). Without loss of generality, we may assume that f (z) = 1. Then we extend f to g by first defining g(v1) = 1, g(v2) ∈ {2, 3} − {f (x)}, g(v3) = {2, 3} − {g(v2)}, and then it is easy to further define g on the remaining vertices such that g is a proper G-rainbow-free 3-coloring of G. Lemma 4.10 Let G be a K4-free subcubic graph and S a subset of E(G).
′ -free, and every subgraph H of G − S belonging to Lt for some t ≥ 0 is an induced subgraph in G, then there is a proper (G − S)-rainbow-free 3-coloring f of G.
Proof. We shall prove this lemma by induction on |V (G)|. If G − S contains no copy of L0 as a subgraph, then a proper (G − S)-rainbow-free 3-coloring exists by Brooks' Theorem. This proves the base case, and we assume that G − S contains a copy of L0 as a subgraph. Let H be a maximal subgraph of G − S induced by a set T which is of the form
Hi for some positive integer k, where each Hi is isomorphic to L0 and Hj ∩ (
By Lemma 4.7, H is isomorphic to R0 or a graph in Lt for some nonnegative integer t. Note that if H is isomorphic to a graph in Lt, then H is an induced subgraph of G.
If H is isomorphic to R0 and H is an induced subgraph of G, or H is in Lt such that NG(H) is not an independent set, or deg G (v) = 2 for some v ∈ V (H), then there exists a proper (G − S)-rainbow-free 3-coloring of G by extending a proper (G ′ − S ′ )-rainbow-free 3-coloring of G − V (H) that is obtained from applying induction to the graph G ′ = G − V (H) and the set S ′ = S ∩ E(G − V (H)), by Lemmas 4.9 and 4.8. Similarly, if H is isomorphic to R0 but not an induced subgraph of G, then |NG(H)| ≤ 1, and it is easy to extend a coloring obtained from applying induction on G−V (H) and S∩E(G−V (H)) to a proper (G−S)-rainbow-free 3-coloring. So we may assume that H is in Lt such that NG(H) is an independent set and deg G (v) = 3 for every v ∈ V (H).
Assume that |NG(H)| ≤ 3, then some vertex x in NG(H) has degree at most one in G−V (H). Let G ′′ = G−V (H)−{x} and S ′′ = S ∩E(G ′′ ). Applying induction to G ′′ and S ′′ , we obtain a proper (G ′′ − S ′′ )-rainbowfree 3-coloring f of G ′′ . Then we can extend f to a proper (G−S)-rainbowfree 3-coloring of G by first assigning f (x) a color which is different from f (y) for some y ∈ NG(H) − {x}, and then coloring the remaining vertices by Lemma 4.8. Hence, we assume that |NG(H)| = 4.
If not all vertices in NG(H) are contained in a subgraph of G − V (H) isomorphic to Lt for some t ≥ 0, then there is a pair of vertices u, v in NG(H) such that the following hold. Let G ′′′ = G − V (H) + uv and
Then G ′′′ is K4-free and subcubic, and
′ -free, and every subgraph H ′ of G ′′′ − S ′′′ belonging to Lt for some t ≥ 0 is an induced subgraph in G ′′′ . In this case, we are done by extending a proper (G ′′′ − S ′′′ )-rainbow-free 3-coloring obtained from applying induction to G ′′′ and S ′′′ . Therefore, we assume that all vertices in NG(H) are in a subgraph J of G − H isomorphic to Lt for some t ≥ 0. But NG(H) is an independent set, so J = L (2) r for some odd number r. Note that there is a 4-cycle C such that J − C is isomorphic to L (2) r−1 or L0. Let a, c be the two diagonal vertices in C such that a, c ∈ NG(H).
Apply induction to G * and S * to obtain a proper (G * − S * )-rainbow-free 3-coloring f * of G * . By Lemma 4.8, since some vertex in J − C has degree at most two in G − V (H), f * can be extended to a
Finally, since g * (a) = g * (c), g * can be extended to a proper (G − S)-rainbow-free 3-coloring of G by Lemma 4.8.
The following lemma shows the existence of good colorings for {K3, Ri :
′ -free subcubic graphs. Hence, Lemma 3.5 follows from Lemmas 4.1, 4.4, 4.6, and the following lemma.
Lemma 4.11 Every
Proof. Given any proper 3-coloring f of G, we define N (f ) to be the number of vertices of degree three whose three neighbors have the same color. Applying Lemma 4.10 by choosing S = ∅, there exists a proper Grainbow-free 3-coloring of G. Let f be a proper G-rainbow-free 3-coloring of G such that N (f ) is as small as possible. We shall show that f is a good 3-coloring, and it is sufficient to show that every pair of color classes induce a good graph. Given integers i, j such that 1 ≤ i < j ≤ 3, we define Gi,j to be the subgraph of G induced by f (−1) (i) ∪ f (−1) (j). Claim 1: For every 1 ≤ i < j ≤ 3, Gi,j satisfies (G1). Proof of Claim 1: Suppose to the contrary, and assume that G2,3 does not satisfy (G1). Then there is a vertex x such that f (x) = 2, f (z) = 3 and deg G 2,3 (z) = 3 for all z ∈ NG 2,3 [x]. However, replacing f (x) by 1 reduces N (f ), and the coloring is still proper G-rainbow-free, a contradiction. Claim 2: For every 1 ≤ i < j ≤ 3, Gi,j satisfies (G2). Proof of Claim 2: Suppose to the contrary, and assume that G2,3 does not satisfy (G2). Then let x, y be two adjacent vertices such that deg G 2,3 (x) = deg G 2,3 (y) = 3 and deg G 2,3 (z) ≥ 2 for all z ∈ NG 2,3 (x) ∪ NG 2,3 (y), and f (x) = 2. Let x1, x2 be the two neighbors of x in G other than y, and let y1, y2 be the two neighbors of y in G other than x. Let xi,j and yi,j be the neighbors of xi and yi other than x and y, respectively, for i = 1, 2 and j = 1, 2. Note that if xi (and yi, respectively) has degree at most two in G, then we assume that xi,2 (and yi,2, respectively) does not exist, and we just ignore it when we mention it in the rest of the proof. Let fx (and fy, respectively) be the coloring that is obtained from f by changing f (x) (and f (y), respectively) to 1. Notice that fx and fy are proper 3-colorings with N (fx) < N (f ), N (fy) < N (f ) by the degree condition of neighbors of x and y, so there exists a rainbow copy of L0 with respect to each of fx and fy. Furthermore, the rainbow copy of L0 with respect to fx (or fy, respectively) contains x (or y, respectively).
First, we assume that x1,1 = x2,1. Then by the symmetry between x1 and x2, we may assume that the rainbow copy of L0 with respect to fx is formed by (y, x, x1, x1,2, y1, y2). However, no fy-rainbow copy of L0 exists in this case. Hence Second, we assume that y1 = x1,1 and y2 = x2,1. By the minimality of N (f ) and the triangle-freeness, (xi,2, xi, x, x3−i, x3−i,1, x3−i,2) forms a rainbow copy of L0 with respect to fx for some i = 1, 2. Then it is easy to check that there is no rainbow copy of L0 with respect to fy. Similarly, if y1 = x1,1, y2 = x1,2, then either G has a cut-edge or N (f ) > N (fx) and there is no fx-rainbow copy of L0, a contradiction. Hence, |{x1,1, x1,2, x2,1, x2,2} ∩ {y1, y2}| ≤ 1 by symmetry. Similarly, |{y1,1, y1,2, y2,1, y2,2} ∩ {x1, x2}| ≤ 1.
Third, we assume that |{x1,1, x1,2, x2,1, x2,2}∩{y1, y2}| = 1, say x2,1 = y2 and y2,1 = x2. By symmetry, every fx-rainbow copy of L0 is formed by (x1,1, x1, x, x2, x2,1, x2,2), (x1, x, x2, x2,2, x1,1, x1,2) or (x1,1, x1, x, y, y1, y2) by the triangle-freeness. If (x1,1, x1, x, x2, x2,1, x2,2) forms an fx-rainbow copy of L0, then no fy-rainbow copy of L0 exists. If (x1, x, x2, x2,2, x1,1, x1,2) forms a rainbow copy of L0 with respect to fx, then x1,2 = y1 by the R1-freeness of G, and the unique rainbow copy of L0 with respect to fy is formed by (y2,2, y2, y, y1, y1,1, y1,2), where y2,2 is the neighbor of y2 other than x2 and y. Let fy 1 ,y 2 ,y 2,2 be the 3-coloring obtained from f by redefining (f (y1), f (y2), f (y2,2)) to be (1, 1, 2). Then fy 1 ,y 2 ,y 2,2 is a proper 3-coloring with N (fy 1 ,y 2 ,y 2,2 ) < N (f ) without any rainbow copy of L0. If (x1,1, x1, x, y, y1, y2) forms an fx-rainbow copy of L0, then no fy-rainbow copy of L0 exists. Consequently, {xi,j : i = 1, 2, j = 1, 2} is disjoint from {y1, y2}. Similarly, {x1, x2} ∩ {yi,j : i = 1, 2, j = 1, 2} = ∅.
Therefore, since fx-rainbow copy of L0 exists, then by symmetry, we may assume that any fx-rainbow L0 is formed by (x1,1, x1, x, x2, x2,1, x2,2)  or (x1,1, x1, x, y, y1, y2) . For the latter case, no fy-rainbow copy of L0 exists. So (x1,1, x1, x, x2, x2,1, x2,2) forms an fx-rainbow copy of L0, then we may assume that the fy-rainbow copy of L0 is formed by (y1,1, y1, y, y2, y2,1,  y2,2) by symmetry. Let fy 1 ,y 2 ,y 1,1 be the 3-coloring obtained from f by changing (f (y1), f (y2), f (y1,1)) to (1, 1, 2). Then fy 1 ,y 2 ,y 1,1 is a proper 3-coloring of G with N (fy 1 ,y 2 ,y 1,1 ) ≤ N (f ), but no fy 1 ,y 2 ,y 1,1 -rainbow copy of L0 exists. So N (fy 1 ,y 2 ,y 1,1 ) = N (f ) and f (y1,2,1) = f (y1,2,2) = 1, where y1,2,1 and y1,2,2 are the two neighbors of y1,2 other than y1. In other words, deg G 2,3 (y1) = 2 and deg G 2,3 (y1,2) = 1. Similarly, we can define fx 1 ,x 2 ,x 1,1 by changing (f (x1), f (x2), f (x1,1)) to (1, 1, 3) , and then we obtain that deg G 2,3 (x1) = 2 and deg G 2,3 (x1,2) = 1. So G2,3 satisfies (G2), a contradiction. Claim 3: For every 1 ≤ i < j ≤ 3, Gi,j satisfies (G3). Proof of Claim 3: Suppose to the contrary, and assume that G2,3 does not satisfy (G3). Let x, y, z ∈ V (G2,3), x1 ∈ NG 2,3 (x)\{y}, y ′ ∈ NG 2,3 (y)\ {x, z}, y
, and f (y) = 2. Let ry be the 3-coloring obtained from f by changing f (y) to 1. Since N (ry) < N (f ), there is a rainbow copy of L0 with respect to ry. Without loss of generality, we may assume that the ry-rainbow L0 is formed by (z, y, y ′ , z1,1, z1, z2), where NG 2,3 (z) = {z1, z2, y} and z1,1 is a neighbor of z1 distinct from z. Let r z,y ′ ,z 1,1 be the 3-coloring obtained from f by changing (f (z), f (y ′ ), f (z1,1)) to (1, 1, 3). We derive a contradiction since no r z,y ′ ,z 1,1 -rainbow copy of L0 exists and N (r z,y ′ ,z 1,1 ) < N (f ). Claim 4: For every 1 ≤ i < j ≤ 3, Gi,j satisfies (G4). Proof of Claim 4: Suppose to the contrary, and assume that G2,3 does not satisfy (G4). Let x, y, z ∈ V (G2,3) such that xyz is a path in G2,3, deg
where NG(z) = {z1, z2, y}, and f (z) = 2, but none of z1, z2 is a support vertex of degree two in G2,3. By Claim 2, y ′ is not adjacent to z1 and z2, where y ′ is the neighbor of y other than x and z. Let pz be the 3-coloring obtained from f by changing f (z) to 1. Since deg G 2,3 (z1) ≥ 2 and deg G 2,3 (z2) ≥ 2, we have that N (pz) < N (f ), so there is a rainbow copy of L0 with respect to pz. By symmetry between z1 and z2, we may assume that the rainbow copy of L0 is formed by (z1, z, z2, z2,1, z1,1, z1,2) , where NG 2,3 (z1) = {z, z1,1, z1,2} and NG(z2) = {z, z2,1, z2,2}. Notice that it implies that deg G 2,3 (z1) = 3 and deg G 2,3 (z2) = 2. Let pz 1 ,z 2 ,z 2,1 be the 3-coloring obtained from f by changing (f (z1), f (z2), f (z2,1)) to (1, 1, 3) . Since there is no rainbow L0 with respect to pz 1 ,z 2 ,z 2,1 , we have N (pz 1 ,z 2 ,z 2,1 ) = N (f ), and this implies that deg G 2,3 (z2,2) = 1. That is, z2 is a support vertex of degree two in G2,3, a contradiction.
Together with Claims 1 through 4, f is a good 3-coloring. This completes the proof of Lemma 3.5.
Avoiding coloring
In this section, we investigate sufficient conditions that allow us to extend a coloring of a subgraph to the whole graph, and these lemmas will be used in Section 6.
Recall that given F : V (G) → 2 [14] , we say that f : V (G) → 2 [14] is an F -avoiding coloring of a graph G if f (v) is disjoint from F (v) ∪ f (u) for every pair of adjacent vertices u and v.
Lemma 5.1 Let 0 ≤ r1 ≤ 2 and 0 ≤ r 2k+1 ≤ 2. Let P be a path v1v2...v 2k+1 on an odd number of vertices, where k ≥ 1, and let F : V (P ) → 2 [14] be a function. If |F (vj )| ≤ 3 + rj for j = 1, 2k + 1 and
, then there is an F -avoiding coloring f of P such that |f (vj )| = 6 for every 2 ≤ j ≤ 2k, and |f (vj )| = 8 − rj for j = 1, 2k + 1.
Proof. We shall prove this lemma by induction on k. Note that we may assume that |F (vj )| = 3 + rj for j = 1, 2k + 1. Let S1 be a subset of F (v1) − F (v2) of size 3, and S 2k+1 be a subset of [14] by letting f (v2) = S1 ∪ S 2k+1 ∪ S, where S is a subset of [14] −(S1 ∪S 2k+1 ∪F (v2)) of size 6−|S1 ∪S 2k+1 |, and letting f (v1) and f (v 2k+1 ) be a subset of [14] −(F (v1)∪f (v2)) of size 8−r1 and a subset of [14] 
, so f (v1) and f (v 2k+1 ) are well-defined. This proves the base case. Now, we assume that 2k + 1 ≥ 5 and the lemma holds for the path on 2k − 1 vertices. Define F ′ : {vi : 3 ≤ i ≤ 2k + 1} → 2 [14] by F ′ (v3) = F (v3) ∪ S1 and F ′ (vi) = F (vi) for all 3 < i ≤ 2k + 1. Hence, by the induction hypothesis, there is an F ′ -avoiding coloring f ′ of P − {v1, v2} such that |f ′ (v 2k+1 )| = 8 − r 2k+1 and |f ′ (vi)| = 6 for all 3 ≤ i ≤ 2k + 1. Then define f : V (P ) → 2 [14] by letting f (vi) = f ′ (vi) for all 3 ≤ i ≤ 2k + 1, f (v2) = S1 ∪ T2, where T2 is a subset of [14] − (F (v2) ∪ f ′ (v3) ∪ S1) of size 3, and letting f (v1) be a subset of [14] − (F1 ∪ f (v2)) of size 8 − r1. Notice that f is an F -avoiding coloring of P , so this proves the lemma.
Lemma 5.2 Let P be a path v1v2...v 2k on an even number of vertices, where k ≥ 1. Let F : V (P ) → 2 [14] be a function such that |F (vj )| ≤ 4 for j = 1, 2k and |F (vi)| ≤ 2 for all 2 ≤ i ≤ 2k − 1. Then there is an F -avoiding coloring f of P such that |f (vj )| = 8−deg P (vj) for 1 ≤ j ≤ 2k if one of the following holds:
, and one of the following holds:
Proof.
1. Observe that, since F (v1)∩F (v2) = ∅, there is a partition X1 ∪X2 of [14] such that |X1| = |X2| = 7, X1 ∩ F (v1) = ∅, and X2 ∩ F (v2) = ∅.
In that case, f (vi) = Xi will do. 
We may assume that
contains X which has size 3. Similarly, there is a subset Z of [14] − (f (v3) ∪ F (v4)) of size 7. Then assigning f (v1) = W and f (v4) = Z gives a desired F -avoiding coloring.
3. We shall do induction on k. Without loss of generality, we may assume that |F (v1)| = 4, |F (v3)| = |F (v4)| = 2, and if k ≥ 4, then |F (v7)| = 2. Let S be a subset of F (v1) containing F (v1) − F (v4) of size 3. Define F ′ : {vi : 3 ≤ i ≤ 2k} → 2 [14] by letting F ′ (v3) = F (v3)∪(F (v1)−F (v4)), and F ′ (vi) = F (vi) for all i > 3. Then there is an F ′ -avoiding coloring f ′ of the subpath v3v4...v 2k by Statement 2 (when k = 3) and by the induction hypothesis (when k > 3). Note that when k > 3,
so the induction applies. Define f (vi) = f ′ (vi) for i ≥ 4, and define f (v3) to be a subset of f ′ (v3) − S of size 6, f (v2) to be a subset of [14] − (F (v2) ∪ f (v3)) containing S of size 6, and f (v1) to be a subset of [14] − (f (v2) ∪ F (v1)) of size 7. Note that |f ′ (v3) ∩ S| ≤ 1, so f is well-defined. 4 . We may assume that |F (v1)| = |F (v 2k )| = 4 and |F (v4)| = 2. Let S be a subset of [14] 
Finally, assign f (v1) by any subset of [14] − (F (v1) ∪ f (v2)) with size 7. It is clear that f is a desired F -avoiding coloring.
Without loss of generality, we may assume that |F (v1)| = 4 and
, and S ′ = {s}; otherwise, let S = (F (v1)−F (v4))∪{s}, where s ∈ F (v4) such that |S ∩ F (v3)| is as large as possible, and let
Define an F -avoiding coloring f : V (G) → 2 [14] by assigning f (v5) any subset of [14] − (F (v5) ∪ S ′ ) containing X of size 6, f (v6) any subset of [14] − (f (v5) ∪ F (v6)) of size 7, f (v4) any subset of [14] − (F (v4) ∪ f (v5)) containing S ′ of size 6, f (v3) any subset of [14] − (F (v3) ∪ f (v4) ∪ S) of size 6, f (v2) any subset of [14] − (F (v2) ∪ f (v3)) containing S of size 6, and f (v1) any subset of [14] − (F (v1) ∪ f (v2)) of size 7. This prove the base case of the induction. When k > 3, let S2 be a subset of F (v1) of size 3 such that |S2 ∩ F (v4)| ≤ 1. Define F ′ : {vi : 3 ≤ i ≤ 2k} → 2 [14] by letting F ′ (v3) be a subset of (F (v3) ∪ S2) − F (v4) of size |F (v3) ∪ S2| − 1, and
to be a subset of f ′ (v3) − S2 of size 6, and f (v2) to be a superset of S2 disjoint from f (v3) ∪ F (v2) of size 6, and f (v1) to be a subset of [14] − (f (v2) ∪ F (v1)) of size 7. It is easy to check that f is desired. F (v4) , then let S2 be a subset of F (v1) containing F (v4) of size 3 such that (S2 − F (v4)) ∩ f (v5) = ∅, and let S4 = S2 − F (v4). Define f (v4) to be a superset of S4 disjoint from F (v4) ∪ f (v5) of size 6, f (v3) to be a subset of [14] − (f (v4) ∪ F (v3)) of size 6, f (v2) to be a superset of S2 disjoint from F (v2) ∪ f (v3) of size 6, and f (v1) to be a subset of [14] − (F (v1) ∪ f (v2)) of size 7. Therefore, the claim holds when s = 0, and thus in particular in the base case k = 4. Now assume that the statement holds for every smaller k ≥ 4, and that s > 0. In this case, F (v3) = F (v6) since F (v6) ⊆ F (v3) and they have the same size. Let S be a subset of F (v1) containing
by letting
, and f (v2) to be a superset of S disjoint from F (v2) ∪ f (v3) of size 6, and f (v1) to be a subset of
7. Induction on k. We may assume that |F (v1)| = 2. The case that k = 2 is easy. When k ≥ 3, let S be a subset of
) of size 6, f (v2) to be a superset of S disjoint from F (v2) ∩ f (v3) of size 6, and define f (v1) to be a subset of [14] − (f (v2) ∪ F (v1)) of size 7.
8. We may assume that |F (v1)| ≥ 3, otherwise, we are done by Statement 7. Let S be a subset of F (v1) containing F (v3) of size 3. Define F ′ : {vi : 3 ≤ i ≤ 2k} → 2 [14] by letting F ′ (v3) be a subset of S of size |S| − 1 such that |F ′ (v3) ∩ F (v4)| ≤ 1, and define F ′ (vi) = F (vi) for i ≥ 4. By statement 7, there is an F ′ -avoiding coloring f ′ of the subpath. And it is easy to use the same argument as in the proof of statement 7 to extend f ′ to an F -avoiding coloring f of P .
9. We may assume that |F (v1)| ≥ 3 by Statement 7. Let S2 be a subset of
is as large as possible, S6 a subset of (S4 ∪ F (v5)) − F (v6) of size |S4 ∪ F (v5)| − 2 such that |S6 ∩ F (v5)| is as large as possible. It is not hard to see that |S6 ∩ F (v8)| ≤ 1, so there is a subset S7 of F (v8) − S6 of size |F (v8)| − 1. Therefore, we can define a desired Favoiding coloring f of P by defining f (v7) to be a subset of [14] − S6 of size 6 containing S7, and then defining f (v8) to be a subset of [14] − (F (v8) ∪ f (v7)) of size 7, and f (vj ) from j = 6 down to 1 to be a set such that f (vj ) is disjoint from F (vj) ∪ f (vj+1) and contains Sj whenever Sj is defined.
10. Let S7 be a subset of [14] − (F (v3) ∪ F (v5) ∪ F (v7)) containing F (v8) with size 5. By Lemma 5.1, there is an F ′ -avoiding coloring f ′ of the subpath v8v9...v 2k , where F ′ (v8) = S7 and F ′ (vi) = F (vi) for 9 ≤ i ≤ 2k, such that |f ′ (vi)| = 6 for 8 ≤ i ≤ 2k − 1 and
, and f (v7) to be a superset of S7 of size 6 disjoint from F (v7) ∪ f (v8). Let S5 be the subset of (f (v7) ∪ F (v6)) − F (v5) of size |f (v7) ∪ F (v6)| − 2 such that |S5 ∩ S7| is as large as possible (so |S5 ∩ F (v6)| ≤ 1), and S3 be the subset of (S5
And then define f (v1) to be a subset of [14] − (F (v1) ∪ f (v2)) of size 7, and definef (vj) from j = 3 through 6 such that f (vj ) is disjoint from F (vj ) ∪ f (vj−1) ∪ Sj−1 ∪ Sj+1 and contains Sj whenever Sj is defined.
11. Define S2 to be a subset of F (v1) of size |F (v1)| − 1 such that |S2 ∩ F (v3)| is as large as possible, and define S4 to be a subset of (S2
then the claim follows from Statements 2 and 3. If k ≥ 5, t = k − 5, F (v 2k−3 ) ∩ F (v 2k ) = ∅, then the claim follows from Statement 5. Similarly, if k ≥ 6, t ≤ k − 6, and (F (v3) ∪ F (v2t+7) ∪ F (v2t+9)) ∩ F (v2t+10) = ∅, then the claim follows from Statement 6. Define an F -avoiding coloring f of P by letting f ′ (vi) = f (vi) for 6 ≤ i ≤ 2k, and assigning f (v5) a subset of f ′ (v5) − (S4 ∪ F (v5)) with size 6, and from j = 4 down to 1, define f (vj ) to be a subset of [14] − (F (vj ) ∪ f (vj+1)) containing Sj (if Sj is defined) of size 6 (size 7 when j = 1). It is clear that f is a desired F -avoiding coloring of P .
12. Without loss of generality, we may assume that i is odd, so i ≤ 2k − 3. Define S2 to be a subset of F (v1) of size |F (v1)| − 1, and define S2j to be a subset of (S2j−2 ∪ F (v2j−1)) − F (v2j ) with size
, and then we define f (vi) for i = 2k − 1 containing Si (if Si is defined) to make f a desired F -avoiding coloring.
This completes the proof.
Recall that given even numbers a, b ≥ 4, H a,b is the graph obtained from two disjoint paths Pa and P b by adding an edge incident with one support vertex in Pa and one support vertex in P b . [14] be a function such that
Proof. We may assume that F (u1) = ∅. Let S2 be a subset of F (u1) with size 1. Apply Lemma 5.2, there is an F -avoiding coloring f ′ of the path v1v2...va such that |f ′ (v2)| = 6 and |f
for every i = 2. Define f (v2) to be a subset of f ′ (v2) − S2 of size 5, and f (vi) = f ′ (vi) for i = 2. Let S3 be a subset of f (v2) − F (u3) of size 1. For every j with 4 ≤ j ≤ b − 2, define Sj to be a subset of
Then, for j = b − 2 down to 3, it is easy to define f (uj ) to be a superset of Sj disjoint from F (uj)∪f (uj+1)∪Sj−1 such that |f (uj )| = 6, and define f (u b ) to be a subset of [14] 
The following lemma is a restatement of Lemma 2.1 in [5] . Note that Lemma 2.1 in [5] involves a notion called "kernel", and Richardson [12] proved that every digraph that does not contain an odd directed cycle has a nonempty kernel. Recall that, by Lemma 3.5, every fractionally t-critical triangle-free subcubic graph, where t ≥ 8/3, has a proper 3-coloring of G such that every pair of color classes induces a good graph.
Proof. It is clear that G − X satisfies (G1), (G2) and (G4) since G satisfies them. Furthermore, G − X satisfies (G3) since G satisfies (G2).
Given a matching M (not necessary induced) of G such that M does not saturate any support vertex, we say that a function F : V (G) → 2 [14] obeys M if the following hold:
We say that G is (M, I)-tractable if M is a matching of G saturating no support vertices, and I is an independent set of G such that every vertex in I has degree three in G, and for every F that obeys M , there exist two F -avoiding colorings f1 and f2 : V (G) → 2 [14] of G, where f1, f2 might not be distinct, such that |f1
In this case, we say that (f1, f2) is an F -avoiding pair of G with respect to I. Note that every path on an odd number of vertices is (∅, ∅)-tractable by Lemma 5.1.
Lemma 5.6 Let G be a connected subcubic graph which is not a path, and let u be a support vertex of degree two and NG(u) = {v, w}, where v is a leaf and w is not a support vertex. Let
Proof. If w is a leaf in G ′ , or w is saturated by M ′ , then define x to be the support vertex adjacent to w in G ′ or the other end of the edge in M ′ incident with w. Observe that the degree of x is at least two. If w is a leaf in G ′ and x has degree two, then x is not a support vertex in G since G is not a path. Define M = M ′ ∪ {wx} if w is a leaf in G ′ and deg G (x) = 2, and define M = M ′ otherwise. So M is a matching that saturates no support vertices of G.
Let F defined on V (G) obey M . Define Su to be a subset of F (v) of size |F (v)| − 1 such that |(Su ∪ F (w)) ∩ F (x)| ≤ 1 (we assume that F (x) is the empty set when x is not defined). Define F ′ : V (G ′ ) → 2 [14] by letting F ′ (w) be a subset of (Su ∪ F (w)) − F (x) of size |Su ∪ F (w)| − 1, and F ′ (z) = F (z) for every vertex z in G ′ other than w. So F ′ obeys M ′ , and there is an F ′ -avoiding pair (f Given nonnegative integers α, β, an (α, β)-star is the graph obtained from K 1,α+β by subdividing β edges. A spider is a tree that has exactly one vertex, denoted by the central vertex, of degree at least three. 
We may assume that |F (x)| = 6 − 2deg G (x) for every vertex x in G. If (α, β) = (3, 0), then let Sv be a subset of [14] of size three such that Sv intersects F (xi) for 1 ≤ i ≤ 3. If (α, β) = (2, 1), then let Sy 1 be a subset of F (y 
Proof. When w is a leaf in G ′ , or w is saturated by M ′ , we define x to be the support vertex adjacent to w in G ′ or the other end of the edge in M ′ incident with w. Since G is not a path or a spider, and M ′ does not saturate any support vertex in G ′ , we know that when x has degree two and w is a leaf in G ′ , x is not a leaf and not a support vertex in G. Define M = M ′ ∪ {wx} if w is a leaf in G ′ and x has degree two, otherwise, define M = M ′ . So M is a matching that does not saturate any support vertex in G.
Let Y be the set of leaves adjacent to w. Note that x ∈ Y if x is defined. Also, F (w) = ∅ when |Y | = 1, since G is not a spider. Let F defined on G obey M . Without loss of generality, we may assume that |F (v)| = 6 − 2deg(v) for every v ∈ V (G). In the rest of the proof, let F (x) be the empty set when x is not defined. If |P | = 4, then define Sv 2 to be a subset of F (v1) − F (x) of size |F (v1)| − 3, and Sv 3 to be a subset of F (v4) − Sv 2 of size |F (v4)| − 1; if |P | = 3, then define Sv 2 to be a smallest subset of
Define F ′ on V (G ′ ) by assigning F ′ (z) = F (z) for z = w, and assigning
there is an F ′ -avoiding pair (f
And then it is easy to obtain an F -avoiding pair (f1, f2) of G with respect to I ′ ∪ {v2} by modifying f ′ 1 and f ′ 2 . Note that w has degree at most two in G ′ , so w ∈ I ′ and I ′ ∪ {v2} is an independent set in G. If |Y | = 2, then we define f : V (G) → 2 [14] by first setting f (w) a subset of [14] − Sv 2 of size 5 such that |F (w) ∩ F (y)| ≥ 2 for every y ∈ Y . And then we extend
Lemma 5.9 Let t be a nonnegative integer, and let G be the graph obtained from a path u1u2u3u4v1v2...v2tu5u6u7u8 by attaching one leaf u ′ i on each vertex ui for 3 ≤ i ≤ 6. Then G is (∅, {u3, u6})-tractable.
Proof. Let F obey the empty set, so F (u1) is disjoint from F (u2) and F (u7) is disjoint from F (u8). Without loss of generality, we may assume that |F (v)| = 6 − 2deg(v) for every v ∈ V (G). Define Su 4 to be a subset of F (u ′ 4 ) of size |F (u4)| − 2, and for each 1 ≤ i ≤ t, define Sv 2i to be a subset of (Sv 2i−2 ∪ F (v2i−1)) − F (v2i) of size |Sv 2i−2 ∪ F (v2i−1)| − 2, where v0 is u4. Furthermore, define Su 3 to be a subset of F (u Lemma 5.10 Let G be a triangle-free subcubic graph such that no support vertex has degree two. Let v be a vertex of degree three in G, and let NG(v) = {v ′ , u, w}, where v ′ is a leaf and u, w are of degree two. If
Proof. Observe that u is not adjacent to w since G is triangle-free. Let
Note that u and w are leaves in G ′ , so M ′ does not saturate u, u ′ , w or w ′ . And since no support vertex has degree two in G, M is a matching of G saturating no support vertices in G.
Let F defined on V (G) obey M . We may assume that F (u), F (w), F (v ′ ) are nonempty. Define Sv to be a subset of [14] of size 4 such that Sv intersects F (u), F (w) and
′ with respect to I ′ , and then it is easy to obtain an F -avoiding pair (f1, f2) of G with respect to I ′ ∪ {v} from f
Recall that H is the family of graphs consisting of H a,b for every pair of even integers a, b ≥ 4.
Lemma 5.11 Let G be a good graph such that no component of G is a path or a graph in H. Then G is (M, I)-tractable for some matching M and independent set I. In addition, the following claim follows from the bipartiteness of G, Claim 3 and Lemmas 5.5 and 5.10. Claim 5: No support vertex is adjacent to two vertices of degree two. Consequently, every support vertex is of degree three and adjacent to exactly one leaf and at least one vertex of degree three.
Let X be the subgraph of G induced by the vertices of degree three. By (G1), X has maximum degree at most two, so X is a disjoint union of paths and cycles. Claim 6: X is a disjoint union of paths. Proof of Claim 6: Suppose that some component of X is a cycle. Since G is connected and bipartite, G is obtained from an even cycle by attaching a leaf on each vertex, by (G2), (G3) and Claim 3. We shall obtain a contradiction by showing that G is (∅, ∅)-tractable. Denote V (G) = {vi, ui : 0 ≤ i ≤ 2k − 1} and E(G) = {vivi+1, viui : 0 ≤ i ≤ 2k − 1}, where the index is computed under modulo 2k, for some positive integer k. Let F obey the empty set, and we may assume that |F (ui)| = 4 for 0 ≤ i ≤ 2k−1. Give an orientation on the edges of the cycle v0v1...v 2k−1 v0 such that every vertex in the cycle has in-degree and out-degree one. By Lemma 5.4, for every 0 ≤ i ≤ 2k − 1, we can pick a subset Si of F (ui) with size 2 such that Si is disjoint from Si−1 ∪ Si+1. Again by Lemma 5.4, for every 0 ≤ i ≤ 2k − 1, we can pick a subset Ti of [14] − i+1 j=i−1 Sj of size 3 such that Ti is disjoint from Ti−1 ∪ Ti+1. Then it is easy to define an F -avoiding coloring f of G such that |F (z)| = 8 − deg G (z) for every vertex z in G and f (vi) = Si ∪ Ti for every 0 ≤ i ≤ 2k − 1. So (f, f ) is an F -avoiding pair of G, and hence G is (∅, ∅)-tractable.
The following claim is an immediate consequence of (G2), (G3), (G4), Claims 3,4,5 and 6. Claim 7: If P be a component in X, then P is a path that satisfies the following.
1. If |V (P )| ≥ 3, then every vertex in P is a support vertex in G.
2. If |V (P )| = 2, then P contains a support vertex in G.
3. If |V (P )| = 1, then the vertex in P is a nonsupport vertex of degree 3 in G.
Let X1, X2, ... be the components of X. If Xi is a path on two vertices, then let xi ∈ Xi be a support vertex in G. Let I be the subset of V (X) consisting of xi, for each component Xi with |V (Xi)| = 2, and the ends of every other component of X. So I is an independent set in G, and every vertex in I has degree three in G. We shall show that G is (∅, I)-tractable. Let G ′ be the graph obtained from G by deleting all leaves, so every support vertex in G has degree two in G ′ by Claims 3 and 4. Note that G ′ has minimum degree at least two. Claim 8: There exists an orientation O1 of G ′ such that every vertex has in-degree and out-degree at least one, and if v ∈ V (G ′ ) with deg G ′ (v) = 3 is a nonsupport vertex in G adjacent to a support vertex in G, then v is pointed by a nonsupport vertex in G, and v points to a nonsupport vertex in G. Proof of Claim 8: Let Y be the graph obtained from G ′ by deleting every edge that is incident with one support vertex in G and one nonsupport vertex in G of degree three. By Lemma 3.6, there is an orientation O of Y such that every vertex v has in-degree and out-degree at least ⌊deg Y (v)/2⌋. Let J = {u ∈ V (G ′ ) : u is a support vertex in G, NG(u) contains a nonsupport vertex of degree three}. By (G4), J is an independent set in G. Note that if u ∈ J, then u is incident with an edge in E(G ′ ) − E(Y ). Define an orientation O1 of G ′ by assigning the direction of each edge in E(G ′ ) ∩ E(Y ) the same direction as in O, and assigning each edge in E(G ′ ) − E(Y ) a direction such that every vertex in J has in-degree and out-degree one. Note that O1 exists since J is an independent set in G. If u ∈ V (G ′ ) is a support vertex in G, then either deg Y (u) = 2 or u ∈ J, so u has in-degree and out-degree one in O1. If u ∈ V (G ′ ) is a nonsupport vertex in G, then deg Y (u) ≥ 2 by Claim 7, so u has in-degree and outdegree at least one in O1. Furthermore, if v ∈ V (G ′ ) is a nonsupport vertex in G with deg G ′ (v) = 3 adjacent to a support vertex in G, then v is an end of some Xi with |V (Xi)| = 2, and the other two neighbors of v are of degree two in G. In other words, deg Y (v) = 2, and the two neighbors of v in Y are nonsupport vertices by Claim 3. Therefore, v is pointed by a nonsupport vertex in G, and v points to a nonsupport vertex in G.
Let O2 be the orientation of G ′ obtained from O1 by reversing the direction of each edge. Define D1 and D2 to be the digraph whose underlining graph is G ′ equipped with the orientation O1 and O2, respectively. Let F defined on V (G) obey the empty set, and we may assume that |F (v)| = 6 − 2deg G (v) for every v ∈ V (G). Since X is a union of paths, we can write V (G) = {vi : 1 ≤ i ≤ |V (G)|} such that every vertex in X has at most one neighbor in G with smaller index, and the index of every vertex in X is smaller than the index of any vertex not in X, and the index of any non-leaf of G is smaller than the index of any leaf of G. Note that V (G ′ ) = {vi : 1 ≤ i ≤ |V (G ′ )|}. Now, for i = 1 and 2, we consecutively define functions ri : V (Di) → N and Ti : {support vertices of G} → 2 [14] such that for each v in the domain of Ti, either |Ti(v)| ≤ 2, or |Ti(v)| = 5 and Ti(w) = ∅ for every w in the domain of Ti and adjacent to v, according to the above ordering of V (G ′ ) and the following rules:
1. Assume that v is the vertex in some component X k of X with |V (X k )| = 1. If deg
2. Assume that |V (X)| ≥ 2, and v is an end of a component of X, and v is in I. So v is a support vertex in G, and we let v ′ be the leaf adjacent to v. Define ri(v) = 3. In Di, if v is pointed by a vertex of degree 3 in G, then define Ti(v) = ∅; otherwise, v is pointed by a vertex of degree 2 in G, and we define Ti(v) to be a subset of
where u is the neighbor of v in G such that Ti(u) is defined (if any). 
It is clear that
r1(v)+r2(v)+|T1(v)|+|T2(v)| = 16−2deg G (v)−2·1I (v) for every vertex v in G ′ (i.e. every non-leaf in G). Define Li : V (Di) → 2 [14] by letting Li(v) = [14]−(F (v)∪ u∈N G ′ [v] Ti(u)) for every vertex v in G ′ . So |Li(v)| ≥ ri(v)+ u∈N + D i ri(u) for every vertex v in G ′ . By Lemma 5.4, there are F -avoiding colorings g1 and g2 of G ′ such that gi(v) ⊆ Li(v) and |gi(v)| ≥ ri(v) for i = 1, 2, so |g1(v)| + |g2(v)| ≥ r1(v) + r2(v). Define fi(v) = gi(v) ∪ Ti(v) for i = 1, 2 and v ∈ V (G ′ ) (we let Ti(v) be the empty set if Ti(v) is not defined), so |f1(v)| + |f2(v)| ≥ r1(v) + r2(v) + |T1(v)| + |T2(v)| = 16 − 2deg G (v) − 2 · 1I (v) for v ∈ V (G ′ ). In
Penetrations and cooperations
In this section, we will prove remaining lemmas from Section 3.
Proof of Lemma 3.2: Let C = v1v2...v k , where k is odd. If k = 1, then let B = (NG(C), ∅). Clearly, for every (B, ∅)-compatible function F , |F (v1)| ≤ 6, so there exists an F -avoiding coloring f :
In other words, (B, ∅) penetrates C.
When k = 3, let B1 and B2 be graphs such that V (B1) = V (B2) = NG(C) and E(B1) = {x1x2 : xi ∈ NG(vi) ∩ NG(C), i = 1, 2}, E(B2) = {x2x3 : xi ∈ NG(vi) ∩ NG(C), i = 2, 3}. Then it is easy to check that (B1, ∅) cooperates with (B2, ∅). . Proof of Lemma 3.3: First, we prove this lemma when C is a path on even number of vertices. Let C = v1v2...v 2k , and let B1, B2 be graphs with V (B1) = V (B2) = NG(C). Now we define E(B1) and E(B2). If k = 1, then define E(B1) = E(B2) = {xy : x ∈ NG(v1) ∩ NG(C), y ∈ NG(v2) ∩ NG(C)}. By Statement 1 of Lemma 5.2, (B1∅) and (B2, ∅) satisfy Statements 1-6 of this lemma. So we may assume that k ≥ 2. If deg G (vi) ≤ 2 for some 1 ≤ i ≤ 2k and i = 2, 2k − 1, then define Let
Note that each u2 and u 2k−1 may not exist, and we just ignore it when we mention it in the remaining of this proof if it does not exist. If k = 2, NG(v1) ∩ NG(v4) = ∅ and nC (u1) = nC (u
and some of u1 and u ′ 1 has nC -value at least two, say u1, then u1 = u3 by the triangle-freeness, and we define E(B1) = E(B2) = and nC (u1) = 2. Define J = {u1, u ′ 1 , u3}, and define E(B1) = E(B2) = {u1u2, u ′ 1 u2, u 2k−1 u 2k , u 2k−1 u ′ 2k }. Then it is straight forward to check that (B1, {J}) and (B2, {J}) satisfy Statements 1-6 of this lemma by Statements 7 and 8 of Lemma 5.2. Case 6: Assume that s = k − 2. So NC (u3) ≥ 2. We may assume that Cases 1, 3, and 5 do not hold. We claim that u , and either nC (u3) = 1, or nC (u3) = 2 and u3 ∈ NG(v 2k−1 ). Note that it is the remaining case that E(B1) has not been defined, since s ≥ 1 implies that nC (u3) ≥ 2. We consider the following subcases.
• When k ≥ 5 (so u3 = u8) and u5 = u8, define E(B1) = {u1u2, u ′ 1 u2, u3u8, u5u8, u7u8, u 2k−1 u 2k , u 2k−1 u ′ 2k }, then (B1, ∅) satisfies Statements 1-6 of this lemma by Statement 10 of Lemma 5.2. Note that every vertex v other than u8 in B1 has degree at most 2nC (v). And deg B 1 (u8) ≥ 2nC (u8) + 1 implies that nC (u8) = 2 or nC (u8) = 2 with u8 ∈ NG(v2) ∪ NG(v 2k−1 ). We further define E(B2) = E(B1) if deg B 1 (u8) ≤ 2nC (u8) or nC (u8) = 3.
• When k ≥ 4 and u5 = u8, let t = max{i ∈ Z : N (v2j+5)∩N (v2j+8) = ∅, 0 ≤ j ≤ i}, so 0 ≤ t ≤ k − 4. If t = k − 4, then we assume that u 2k ∈ NG(v 2k−3 ). Define E(B1) = {u1u2, u Notice that B1 does not have loops since nC (u3) ≥ 2 implies that NG(u3) ∩ V (C) = {v3, v 2k−1 }. Hence (B1, ∅) penetrates C by Statement 11 of Lemma 5.2. Also, every vertex v other than u2t+10 in B1 has degree at most 2nC (v), and deg B 1 (u2t+10) ≥ 2nC (u2t+10) + 1 only if 0 ≤ t ≤ k − 6. And if deg B 1 (u2t+10) ≥ 2nC (u2t+10) + 1, then deg B 1 (u2t+10) = 2nC (u2t+10) + 1, and either nC (u2t+10) = 2, or nC (u2t+10) = 2 with u2t+10 ∈ NG(v2) ∪ NG(v 2k−1 ). We further define E(B2) = E(B1) if t ≥ k − 5 or deg B 1 (u2t+10) ≤ 2nC (u2t+10) or nC (u2t+10) = 3.
• When k = 4 and u5 ∈ NG(v8), define E(B1) = E(B2) = {u1u2, u ′ 1 u2, u5u8, u5u • When k = 3, define E(B1) = E(B2) = {u1u2, u Consequently, E(B1) are defined in all cases. In fact, if B2 is not defined, then k ≥ 3 and there exist an even number p ∈ {2, 2k} and a vertex w1 ∈ N (vp) of B1 such that the following hold:
• deg B 1 (w1) = 2nC (w1) + 1;
• nC (w1) ≤ 2;
• if nC (w1) = 2, then w1 ∈ NG(vp) ∩ NG(v 2k−1 ) or w1 ∈ NG(vp) ∩ NG(v2);
• if v ∈ V (B1) − {w1}, then deg B 1 (v) ≤ 2nC (v);
• if v ∈ V (B1) − {w1} and deg with an even number q ∈ {2, 2k} has degree at most 2nC (v) such that the following hold:
• deg B ′ 1 (w2) = 2nC (w2) + 1;
• nC (w2) ≤ 2;
• if nC (w2) = 2, then w2 ∈ NG(v 2k+1−q )∩NG(v2) or w2 ∈ NG(v 2k+1−q )∩ NG(v 2k−1 );
• if v ∈ V (B Finally, we complete the process of defining B1 and B2 in the following way. If E(B1) and E(B2) were defined, then we are done; if E(B2) was not defined but E(B ′ 2 ) was defined, then replacing E(B1) by E(B ′ 1 ), and defining E(B2) = E(B ′ 2 ); otherwise, defining E(B2) to be E(B ′ 1 ). It remains to check that deg B 3−i (wi) ≤ 2nC (wi) − 1 for i = 1, 2. Suppose to the contrary, and without loss of generality, we may assume that deg B 2 (w1) > 2nC (w1) − 1. If w1 = w2, then deg B 2 (w1) = 2nC (w1), so vp ∈ NG(w1) ∩ V (C) ⊆ {v2, v 2k−1 , v 2k }, a contradiction. If w1 = w2, then since p and q are even, nC (w1) = 2, so w2 = w1 ∈ NG(vp) ∩ (NG(v2) ∪ NG(v 2k−1 )). However, 2k + 1 − q is odd but not equal to 2k − 1, a contradiction. This proves the lemma when C is a path on an even number of vertices. Now, we assume that C is a graph in H. Denote V (C) by {xi, yj : 1 ≤ i ≤ a, 1 ≤ j ≤ b} and denote E(C) by {xixi+1, yjyj+1, x2y2 : 1 ≤ i ≤ a − 1, 1 ≤ j ≤ b − 1} for some even positive integers a and b. Let V (B of size two such that I is an independent set in B1 and B2, and I contains a vertex with nC -value three. It is straight forward to check that (B1, J1) and (B2, J2) satisfy Statements 1-6. This proves the lemma.
Proof of Lemma 3.4:
Since f is a good 3-coloring, C is a good graph. By Lemma 5.11, there is a matching M of C saturating no support vertex of C and an independent set I ⊆ {v : deg C (v) = 3} such that given F : V (C) → 2 [14] that obeys M , there are two F -avoiding colorings f1, f2 of C, such that |f1(v)|+|f2(v)| = 16−2deg C (v)−2·1I (v) for all v ∈ V (C). Let S = {v ′ u ′ : v ′ ∈ NG(v) ∩ NG(C), u ′ ∈ NG(u) ∩ NG(C), deg C (v) = 1, u ∈ NC (v)}. Let T = {x ′ y ′ : xy ∈ M, x ′ ∈ NG(x) ∩ NG(C), y ′ ∈ NG(y) ∩ NG(C)}. Define V (B) = NG(C) and E(B) = S ∪ T . Then by Lemma 5.11, for every (B, ∅)-compatible function F , there exist an independent set I and two F -avoiding colorings f1, f2 such that |f1(v)| + |f2(v)| = 16 − 2deg C (v) − 2 · 1I(v) for all v ∈ V (C). In other words, (B, ∅) penetrates C.
Bounded number of colors
In this section, we prove that every triangle-free subcubic graph has a (516 : 180)-coloring. To achieve this objective, we need a variation of Lemma 4.2 to deal with vertex-cuts of size two that does not induced an edge.
Lemma 7.1 Let k be a positive integer. Let G0, G1, ...G k be induced subgraphs of a graph G such that G = G0 ∪ G1 ∪ ... ∪ G k , |V (G0) ∩ V (Gi)| = 2 and V (Gi) ∩ V (Gj ) ⊆ V (G0) for every different integers i, j with i, j ∈ {1, 2, ..., k}. Given 1 ≤ i ≤ k, denote V (G0 ∩ Gi) by {ui, vi}. Assume if we can get rid of the error term 1I (v) from the above equation. Recall that every vertex in I is adjacent to three vertices which receive the same color from a good 3-coloring. So one possible way to remove the error term is to prove that every fractionally 14/5-critical graph has a proper 3-coloring without any rainbow copy of L0 such that every pair of color classes induces a graph of maximum degree at most two. Note that it is not hard to show that such a 4-coloring exists by using a result of the author and Yu about linear colorings [10] .
Instead of looking for a proper coloring such that every pair of color classes induce a graph of maximum degree at most two, it is also interesting to study a proper coloring such that every pair of color classes induces a graph whose 2-connected components have simple structures. More precisely, we conjecture that every subcubic graph other than K4 has a proper 3-coloring such that every pair of color classes induce a disjoint union of cacti. A cactus is a graph whose blocks are edges and cycles. At the moment when we tried to simplify the proof in this paper, we thought that the positive answer of the conjecture might be helpful.
Finally, we note that Heckman and Thomas [8] also conjectured that every planar triangle-free subcubic graph has fractional chromatic number at most 8/3. In Section 4, we investigated the structure of fractionally t-critical graphs with t ≥ 8/3. So it might be helpful in dealing with this conjecture.
